Let a group and ( ) be the set of element orders of . Let ∈ ( ) and let be the number of elements of order in . Let nse( ) = { | ∈ ( )}. In Khatami et al. and Liu's works, 3 (2) and 3 (4) are uniquely determined by nse( ). In this paper, we prove that if is a group such that nse( ) = nse( 3 (7)), then ≅ 3 (7).
Introduction
A finite group is called a simple -group if is a simple group with | ( )| = . In 1987, J. G. Thompson posed a very interesting problem related to algebraic number fields as follows (see [1] ).
Thompson's Problem. Let ( ) = {( , ) | ∈ ( ) and ∈ nse( )}, where is the number of elements with order . Suppose that ( ) = ( ). If is a finite solvable group, is it true that is also necessarily solvable?
It is easy to see that if and are of the same order type, then nse( ) = nse ( ) , | | = | | .
(
The proof is as follows: let be a group and some simple -group, where = 3, 4; then ≅ if and only if | | = | | and nse( ) = nse( ) (see [2, 3] ). And also the group 12 is characterizable by order and nse (see [4] ). Recently, all sporadic simple groups are characterizable by nse and order (see [5] ).
Comparing the sizes of elements of same order but disregarding the actual orders of elements in ( ) of Thompson's problem, whether it can characterize finite simple groups? Up to now, some groups especial for 2 ( ), where ∈ {7, 8, 9, 11, 13}, can be characterized by only the set nse( ) (see [6, 7] ). The author has proved that the group 3 (4) is characterizable by nse (see [8] ). In this paper, it is shown that the group 3 (7) also can be characterized by nse.
Here, we introduce some notations which will be used. Let ⋅ denote the product of integer by integer . If is an integer, then we denote by ( ) the set of all prime divisors of . Let be a group. The set of element orders of is denoted by ( ). Let ∈ ( ) and let be the number of elements of order in . Let nse( ) = { | ∈ ( )}. Let ( ) denote the set of prime such that contains an element of order . ( ) denotes the projective special linear group of degree over finite fields of order . ( ) denotes the projective special unitary group of degree over finite fields of order . The other notations are standard (see [9] ).
Some Lemmas
Lemma 1 (see [10] ). Let G be a finite group and m a positive integer dividing | |.
Lemma 2 (see [11] ). Let G be a finite group and let ∈ ( ) be odd. Suppose that P is a Sylow p-subgroup of G and = with ( , ) = 1. If P is not cyclic and > 1, then the number of elements of order n is always a multiple of . Lemma 3 (see [7] (1) ≡ 1 (mod ) for some ;
(2) the order of some chief factor of G is divided by .
To prove ≅ 3 (7), we need the structure of simple 4 -groups.
Lemma 5 (see [13] 
Lemma 6. Let be a simple 4 -group and 43‖ ‖2
Proof. From Lemma 5(1-2), order consideration rules out these cases.
So, we consider Lemma 5(3). We will deal with this with the following cases.
(ii) Let = 7; then | ( 2 − 1)| = 2, which contradicts
Case 2. Consider ≅ 2 (2 ), where ∈ {3, 7, 43}.
(i) Let = 3; then = 2 and so 5 = 3 . But the equation has no solution in N, which is a contradiction.
(ii) Let = 7; then = 3 and 2 3 + 1 = 3 . Thus, = 3 and = 1. But > 3, a contradiction.
(iii) Let = 43; then the equation 2 − 1 = 43 has no solution in N, which is a contradiction.
Case 3. Consider ≅ 2 (3 ).
We will consider the case by the following two subcases.
Subcase 3.1. Consider 3 + 1 = 4 and 3 − 1 = 2 . We can suppose that ∈ {3, 7, 43}. Let = 3, 7, 43; the equation 3 + 1 = 4 has no solution. Subcase 3.2. Consider 3 + 1 = 4 and 3 − 1 = 2 .
We can suppose that ∈ {3, 7, 43}. Let = 3, 5, 7; then the equation 3 − 1 = 2 has no solution in N, which is a contradiction.
In review of Lemma 5(4), ≅ 3 (7). This completes the proof of the lemma.
Proof of Theorem
Let be a group such that nse( ) = nse( 3 (7)), and let be the number of elements of order . By Lemma 3, we have that is finite. We note that = ( ), where is the number of cyclic subgroups of order . Also we note that if > 2, then ( ) is even. If ∈ ( ), then by Lemma 1 and the above discussion, we have Proof. We prove the theorem by first proving that ( ) ⫅ {2, 3, 7, 43}, second showing that | | = | 3 (7)|, and so ≅ 3 (7). By (2), ( ) ⫅ {2, 3, 5, 7, 17, 43}. If > 2, then ( ) is even, and then 2 = 2107, 2 ∈ ( ).
In the following, we prove that 17 ∉ ( ). If 17 ∈ ( ), then by (2), 17 = 539392. If 2.17 ∈ ( ), then 2.17 ∉ nse( ). Therefore, 2.17 ∉ ( ). Now we consider Sylow 17-subgroup 17 acts fixed-point-freely on the set of elements of order 2 of ; then | 17 | | 2 , which is a contradiction. Hence, we have ( ) ⫅ {2, 3, 5, 7, 43}. Furthermore, by (2) 3 = 92708, 117992, 471968, 5 = 235984, 7 = 117648, and 43 = 1843968.
If 2 ∈ ( ), then (2 ) = 2 −1 | 2 , and so 0 ≤ ≤ 9. If = 9, then by (2), 2 9 ∉ nse( ), and so 0 ≤ ≤ 8. If 43 ∈ ( ), then 1 ≤ ≤ 2. If 42 2 ∈ ( ), then by (2), 43 2 ∉ nse( ). Thus, = 1.
Algebra 3
In the following, we first prove that 5 ∉ ( ), then consider the proper set of {2, 3, 7, 43}, and so ( ) = {2, 3, 7, 43}. Finally, we get the desired result by [2] .
To remove the "bad" prime 5, we should prove that 43 ∈ ( ).
Since 2 ∈ ( ) and exp( 2 ) = 2, (ii) 7 2 = 1843968, and then 7 3 = 7 4 = 1843968. So,
If 43 ∈ ( ) and exp( 43 ) = 43, then by Lemma 1, | 43 | | 1 + 43 , and so | 43 | = 43.
Assume that 43 ∉ ( ). We deal with it with the following cases.
Case A. Let 7∈ ( ). We know that exp( 7 ) = 7, 7 2 , 7 3 , 7 4 .
(i) Let exp( 7 ) = 7. Then by Lemma 1, | 7 | | 1 + 7 , and so
which is a contradiction. If ≤ 154. Since 5663616 ≤ | | = 2 ⋅ 3 ⋅ 5 ⋅ 7 2 ≤ 5663616 + 154.1843968, then since is at most 11, the equation has no solution in N. If | 7 | = 7 3 , then similarly, ( , , ) = (7, 3, 1), (8, 3, 1), (9, 3, 1), (10,  3, 1), (11, 3, 1), (9, 2, 1), (10, 2, 1), (11, 2, 1 Case B. Let 5∈ ( ). We know that exp( 5 ) = 5. Then by Lemma 1, | 5 | | 1 + 5 , and so | 5 | = 5. Since 5 = 5 / (5), then 43 ∈ ( ), which is a contradiction.
Case C. Let 3 ∈ ( ). We know that exp( 3 ) = 3, 9, 27. 
